The thermodynamic properties of highly charged colloidal suspensions in contact with a salt reservoir are investigated in the framework of the Renormalized Jellium Model (RJM). It is found that the equation of state is very sensitive to the particular thermodynamic route used to obtain it. Specifically, the osmotic pressure calculated within the RJM using the contact value theorem can be very different from the pressure calculated using the Kirkwood-Buff fluctuation relations.
I. INTRODUCTION
In spite of the fundamental importance -both practical and theoretical -the thermodynamic properties of charged colloidal suspensions are far from understood [1] [2] [3] [4] .
Even such basic question as the existence of a liquid-gas phase transition in these systems still remains a topic of debate [5] [6] [7] [8] . The difficulty in describing the thermodynamics of charged colloidal suspensions is a consequence of both size and charge asymmetry between the different components of the system and the long-range nature of the Coulomb interaction 1, 9, 10 . To simplify the theoretical description one often uses the, so-called, Primitive Model (PM). In this model all charged components -colloidal particles, coions, and counterions -are treated explicitly, while the solvent -usually an aqueous mediumis considered as a dielectric continuum. The interactions between the colloidal particles, the counterions, and the coions have both Coulomb and hard-core components.
Image effects resulting from the dielectric discontinuities across the particle surface are usually neglected at the lowest order of approximation.
Colloidal suspensions often contain salt. For theoretical description it is, therefore, convenient to work in a semi-grand-canonical ensemble in which the number of colloidal particles is fixed, while the concentration of salt is controlled by an externally imposed chemical potential.
Physically this can be realized by separating the suspension from a salt reservoir by a semi-permeable membrane transparent only to microions 11, 12 .
The large asymmetry between the colloidal particles and the microions, forces us to employ different approximations to account for the correlations among the various components of suspension. The correlations among the microions can be described by a linear Debye-Hückel (DH) like theory. For dilute colloidal suspensions these correlations are usually negligible. On the other hand, to account for strong colloid-ion and colloid-colloid interactions requires a full non-linear theory. One approach that has proven to be very useful for describing the non-linear correlations between the colloidal particles and the counterions is the concept of charge renormalization 1, 13, 14 .
The idea is that strong electrostatic attraction between the colloidal particles and their counterions will lead to accumulation of counterions near the colloidal sur-face. These counterions can be considered to be "condensed" (strongly bound) to the colloidal particle, effectively renormalizing its bare charge. For strongly charged colloidal particles the renormalized charge will, in general, be much smaller in magnitude than the bare charge 13 .
An alternative, but equivalent way of modeling colloidal suspensions is to explicitly trace out the microion degrees of freedom in a semi-grand-canonical partition function 15 . This way the multi-component colloidal suspension is mapped onto an equivalent one-component system in which only the colloidal particles are explicit.
This coarse-graining procedure defines the, so-called, we will compare the osmotic compressibilities of the RJM calculated using both the contact theorem and the KB fluctuation relations.
The paper is organized as follows. In section II we will briefly review the theoretical methods used for the thermodynamic investigations -the RJM, the Donnan Equilibrium, and the Kirkwood-Buff relations. In section III, we will briefly discuss the simulation techniques employed in this study. The results will be presented in section IV, and conclusions, discussion, and suggestions for the future investigations will be given in section V.
II. THEORETICAL BACKGROUND

A. The Renormalized Jellium Model
The RJM is a model that allows one to calculate the effective charge of colloidal particles and the thermody- (1) is exact within the RJM formalism, while for CM there is no pairwise interaction between the colloidal particles 29 .
Thus, the effective charges calculated using CM have no clear connection with the DLVO potential. Recently, the RJM was successfully extended to incorporate intercolloidal correlations 33, 34 , the multivalent counterions 35 , and colloidal polydispersity 36 .
In the RJM, one colloidal particle of charge −Z bare q and radius a is fixed at the origin of the coordinate system. The distribution of free (uncondensed) ions around this particle is assumed to follow the Boltzmann distri- 
This equation can be numerically solved with the boundary conditions φ(r → ∞) → 0 and
The first condition defines the zero of the electrostatic potential in the bulk of suspension, while the second one determines the electric field at the colloidal surface using the Gauss law.
Far from the central colloidal particle -the region where the electrostatic potential is weak -the PBJ equation can be linearized, resulting in the following longdistance behavior:
where The osmotic pressure within the RJM is given by
where ρ ± are the bulk concentrations of free coions and counterions. In spite of its apparent simplicity, this idealgas-like equation of state requires a knowledge of microion concentrations in the far-field which, in turn, depend on the charge renormalization and osmotic equilibrium with the salt reservoir. We should also note that unlike for CM, for which the contact value theorem is an exact statement 38,39,39-41 , Eq. (4) of the RJM is only valid in the mean-field approximation. We will later argue that the failure to properly account for ionic correlations leads to thermodynamics inconsistencies in the RJM.
B. The Donnan Equilibrium
In this work we will consider a colloidal suspension in contact with a salt reservoir. The system is separated from the reservoir by a semi-permeable membrane which allows for a free flux of microions. The ionic concentration inside the suspension will then be determined by the osmotic equilibrium with the salt reservoir. Contrary to uncharged systems, for which the osmotic equilibrium simply results in a solvent flow from a solute poor to a solute reach region, the osmotic equilibrium in charged systems is also constrained by the overall charge neutrality of the system. Physically, this is reflected in the appearance of a potential difference across the semi-permeable membrane which controls the overall build up of charge in the system 11, 12 . This potential difference is known as the Donnan potential 42 . From a theoretical point of view, it can also be thought of as a Lagrange multiplier used to enforce the charge neutrality of the system 11, 24 .
In equilibrium, the ionic electrochemical potentials inside the system must be equal to the ones in the salt reservoir. Neglecting the electrostatic correlations between the microions, the ionic concentrations in the bulk and reservoir are related by ρ ± = ρ s e ∓φD , where ρ s is the salt concentration in the reservoir, and φ D is the adimensional Donnan potential. Using the charge neutrality condition for free ions, ρ + − ρ − − ρZ ef f = 0, the Donnan potential can be eliminated to yield the bulk concentrations of free (uncondensed) microions:
This expression can be used, together with the equation of state Eq. (4), to write the osmotic pressure βΠ as:
where we have also added the colloidal ideal gas contribution βP c = ρ. It is important to stress that the above expression for the osmotic pressure completely ignore the microion correlations. This can be justified as long as the concentration of coions in the bulk is very low. The colloid-counterion correlations are taken into account through the charge renormalization.
Using Eq. (6), two important limits can be verified.
For high salt concentrations -Z ef f ρ/2ρ s ≪ 1, saltdominated regime -there is no significant variation in the ionic concentrations across the membrane and the osmotic pressure (6) is small. On the other hand, in the limit Z ef f ρ/2ρ s ≫ 1 -the counterion-dominated regime -there is a significant variation in the microion concentration between the bulk suspension and the reservoir and the osmotic pressure is large 11 .
The inverse osmotic compressibility χ −1 T = ρ ∂Π ∂ρ ρs,T follows directly from Eq. (6):
where η = 4πa 3 ρ/3 is the colloidal volume fraction. The derivative on the right-hand-side of this expression can be neglected, since in the RJM the effective charge depends only weakly on the colloidal volume fraction 29, 30 .
C. The Kirkwood-Buff relation
Once the nonlinear colloid-ion correlations are properly taken into account through the charge renormalization, the DLVO pair potential Eq. (1) can be used to investigate the structural properties of the suspension. This can be done by solving the OCM Ornstein-Zernike equation:
where h(r) and c(r) are the total and the direct correlation functions, respectively. This equation has to be supplemented by an appropriate closure relation between h(r) and c(r) 31 .
Once the structural properties are known, the thermodynamic informations can then be obtained using the 
Using OZ equation, this expression can be inverted to yield ∂βP ∂ρ ρs,T = 1 − ρĉ(0).
KB theory shows that the knowledge of colloidal pair correlation function is sufficient for calculating the equation of state of the colloidal suspension. Curiously, Eqs. (9) and (10) rely only on the pair correlations which are well modeled using only the effective pair potential, Eq. (1). This suggests that the zero-order volume terms, which depend on colloidal concentration 3,9 , are not very important for the thermodynamics.
III. MONTE CARLO SIMULATIONS
To explore the validity of the RJM model, we perform
Monte Carlo simulations to obtain the "exact" pairwise interaction potential. The simulations are performed for several fixed distances R between two spherical colloidal particles of charge −Z bare q, which are restricted to move along the main diagonal of a box of side length L = 180Å.
Colloid particle 1 is located at x, y, z = −R/2 √ 3, and colloidal particle 2 at x, y, z = R/2 √ 3. In order to keep the electro-neutrality, 2Z bare microions of charge q are also present in the simulation box. If salt is added to the system, then L 3 ρ S microions of charge q and L 3 ρ S microions of charge −q are included inside the box. The total number of microions in the system is then N = 2L 3 ρ S + 2Z bare . The radii of all the ions are set to 2Å.
The usual Coulomb potential is considered between all the charged species. The total energy used in the MC simulations is:
where z i is the charge valence of the ion i (+1 or −1), r ij is the distance between two ions i and j, r 1i and r 2i are the distances between the ion i and the colloidal particles 1 and 2, respectively. Since we consider periodic boundary conditions, the Ewald summation technique is employed 44 . The equilibration is achieved after 2.5 × 10 3 simulation steps per particle; every 100 movements per particle an uncorrelated state is saved. The mean force is calculated using 1 × 10 4 uncorrelated configurations.
The average electrostatic force on a colloidal particle (positive force corresponds to repulsion), along the diagonal direction is
whereF e (R) = β λB F e (R), θ 1i and θ 2i are the angles between the diagonal and the line connecting the particle i to the colloid 1 and the colloid 2, respectively. These distances are measured from the diagonal in the counterclockwise, for particle 1, and in the clockwise, for particle 2 direction, respectively. The Ewald technique is used to calculate the electrostatic forces. Besides the average electrostatic force, there is also an entropic depletion force which must be taken into account. To do this we use the method of Wu et al. 45 , which consists of a small displacement of the colloidal particles along the diagonal (while the microions remain in a fixed configuration) in order to count the resulting overlaps between the colloidal particle and the microions. This entropic force can be expressed as 
R max is the reference distance at which the interaction between the two colloidal particles is negligible.
IV. RESULTS
We are now in a position to compare the thermodynamic predictions from Eqs. (7) and (9) . To this end, the OZ equation is numerically solved using the hipernettedchain (HNC) closure:
This closure is known to be very accurate for Yukawalike pair potentials 31, 46 . For a given reservoir salt concentration ρ s and volume fraction η, the pair potential is given by (1), with the effective charge calculated using the RJM.
In order to test the accuracy of the effective pair potential predicted by the RJM, in than the JEOS. This suggest that for the RJM the fluctuation route might be more reliable for calculating the thermodynamic functions. We will now explore the possible causes of the discrepancy between the two thermodynamic routes.
A. Colloid-colloid correlations
One possibility is that the discrepancy observed in into account colloidal hard-cores. The colloid-colloid repulsion is particularly important for large volume fractions and high-salt concentration (Zρ/2ρ s ≪1), when ionic contribution to osmotic pressure is small. To asses the relevance of these correlations, we can add to the JEOS the excess colloidal virial pressure, 
where u(r) is the effective colloidal pair potential, Eq. 1.
For all the parameters studied here, however, we find that |P ex | ≪ P Jell , and the effect of colloidal correlations is too small to account for the strong discrepancy observed in Fig. 3 .
B. Ion-ion correlations
As the salt concentration increases, the mean distance 
